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Abstract. We consider the cubic nonlinear Schrodinger equation, posed on 
R n X M, where M is a compact Riemannian manifold and n > 2. We prove 
that under a suitable smallness in Sobolev spaces condition on the data there 
exists a unique global solution which scatters to a free solution for large times. 

1. Introduction 

The Cauchy problem for the nonlinear Schrodinger equation (NLS), posed on a 
compact Riemannian manifold attracted a considerable attention (see in particular 
[1, 2]). In all these works the global existence is based on the combination of (low 
regularity) well-posedness and conservation laws. In such a situation there is few 
control on the global dynamics and in particular there is no reason to believe that 
the solution of the nonlinear problem is close to the solution of the linear problem 
for large times, even for small data. In other words scattering is not expected. 

On the other hand the Cauchy problem for the nonlinear Schrodinger equation, 
posed on the Euclidean space K™ is better understood (see for instance [4, 6, 9]). 
In particular for small data one expects that the nonlinear evolution is close to the 
linear one, at least for small data and sufficiently small (near zero) nonlinearity, 
see for instance [4] . An important tool in the proof of such type of results are the 
global in time Strichartz estimates for the linear Schrodinger evolution on R". Such 
type of global in time estimates are false when the problem is posed on a compact 
manifold. 

In view of the previous discussion a natural problem is to consider the NLS on 
K" x M, where M is a compact Riemannian manifold. This is the purpose of this 
paper. We will show that the global in time dispersive nature of the 1" part is 
still sufficient to get small data scattering results similarly to the Euclidean case. 
Our view point is to see the problem as a NLS type equation for functions on R™ 
with values in Sobolev spaces on M (instead of C for the "usual" NLS). We should 
however admit that our approach, as presented here, is not working for problems 
such as the wave equation on product spaces. 

In order to emphasize the main ideas of the paper and to avoid technicalities we 
will restrict our attention to the cubic nonlinear interaction, even if our approach 
can be extended to other nonlinearities. Consider thus the Cauchy problem 

(1.1) id t u + A x<v u = ±|w| 2 w, u(0,x,y) = f(x,y), 

with (t,x,y) £ M f x M™ x My, where My is a compact Riemannian manifold of 
dimension k > 1 and A Xiy = A x + A y with A y the Laplace-Beltrami operator on 
My and = 53j=i ®x ^ s * ne Laplace operator associated to the fiat metric on 
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We are interested here in the scattering of global solutions to (1.1), under suitable 
smallness assumptions on the initial data. In order to state our first result, we 
introduce a non isotropic Sobolev space. Namely, we denote by % x '^ and the 
completions of C^°(R™ x My) with respect to to the following norm 

H/lk;S= E H^(l -A v )'/ 2 /||^(Rsxitf s ), 

\a\<0 

where for a — (ct\, . . . , a n ) € N™, d" = d%l ■ ■ ■ <9"™ and |a| = ot\ + ■ ■ ■ + a n . Here 
is our first result. 

Theorem 1.1. Let n > 2 be even. Then for every e > there exists S = S(e) > 
such that the Cauchy problem (1.1) has an unique global solution 

u(t,x, y )eL?H^f' i+e nx e 

where 

n-2 

s=0 \a\=s L * Lx ^ 

"-2 k +e 

for any initial data f(x,y) € V. x % ' 2 such that \\f\\ n-2_ fe+e < 5. Moreover there 

ri-2 k +e 

exist /o € Wx% ' 2 such that 

(1.3) hrn \\e itA ^f±-u(t,x,y)\\ _a, |+t = 0. 

Remark 1.1. The eveness of n in Theorem 1.1 is needed since in this case we are 
able to estimate the cubic nonlinearity in the space X f by using the usual Leibniz 
rule. The case n odd is treated in Theorem 1.2 below. 

It is interesting to compare Theorem 1.2 in the case n = k = 2 with the recent 
result [5]. In [5], the problem (1.1) on M 2 x T 2 is considered (T 2 is the flat 2d 
torus) and the global well-posedness for small data in the classical Sobolev spaces 
H 1 (M. 2 x T 2 ) is proved. The scattering to free solution is not obtained in [5], the 
globalization argument being based on conservation laws together with Tataru's 
critical spaces theory. Therefore our result says that in the context of the analysis 
in [5] if in addition one supposes the smallness of the WP' 1+e norm then one has 
scattering. Note that the H°' 1+e norm is slightly stronger than the H 1 (M 2 x T 2 ) 
only with respect the y variables. Since in our analysis we do not use any dispersive 
effect in y it would be interesting to further understand the interplay between our 
argument in the case K. 2 x T 2 and the corresponding analysis in i? 1 (R 2 xT 2 ) in [5]. 
It is also worth noticing that our argument here is only restricted to the small data 
cases while the analysis of [5] also applies to the large data problem, if we consider 
sub-cubic defocusing nonlinear interactions. 

We next turn to the odd dimensional case. In this case (n — 2)/2 is not an integer 
and a direct application of the proof of Theorem 1.1 would require some non trivial 
non isotropic Littlewood-Paley theory. We decided not to pursue this. Instead, we 
apply a simple argument which reduces the case of n > 3 odd to the case of n even. 
For n > 3, we define to be the completion of C^°(R" x My) with respect 
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to to the following norm 

WfWn^ , = E - d l &yY /2 f\\L^M v) , 

x,(x n ,y) ' * 

\ a \<e 

where x = (x\, . . . , x„_i) and for a = (a\, . . . , a„_i) G N™ -1 , 9? = d"* . . . dx^ll ■ 
Here is our result concerning the odd dimensions n > 3. 

Theorem 1.2. Le£ n > 3 6e odd. T/ien /or every e > there exists 5 = 5(e) > 
swc/i £/iat the Cauchy problem (1.1) /ias an unique global solution 

u(t,x,y)eL?H^ L J 1+t nx e 

where 

n-3 

(i-4) n«ik. -EE ii^a - C - AJ^+^H ^ 

* ' Z ' ,4, l + 2s ,! 

s=0 \ a \=s h t h * ^ix n ,y) 

"-3 fc + i | c 

/or any initial data f(x,y) G 7~Lg.\x' T y) such that \\f\\ ™-3 k + 1 i = ^ ^- Moreover 
there exist fjf G \ such that 

(1.5) lim He^-^-^^y)!! ^,*±i +e = 0. 

An analogue of Theorem 1.2 can not hold for n = 1. In this case we expect a 
suitable Banach space valued version of the modified scattering result of Ozawa [7]. 
Such a result will give an insight into the global small data dynamics of the cubic 
NLS onMxT, established in [8]. 

In the case n = 1 one can obtain, by invoking a Banach space valued version 
of the small data theory of the quintic NLS on R, an analogue of Theorem 1.2 if 
the cubic non linearity is replaced by the quintic one, namely ±|w| 2 u replaced by 
±\u\ 4 u. 

The remaining part of the paper is organized as follows. In the next section, 
we establish a basic Strichartz inequality. This inequality only uses the dispersive 
effect in the x variables but have the advantage to be global in time. Next, we 
prove Theorem 1.1. The final section is devoted to the proof of Theorem 1.2. 

2. A Strichartz type inequality 

In this section, we establish our basic tool which is a Strichartz type estimate 
for e ltAx '». Here is the precise statement. 

Proposition 2.1. For every n > 1 and for every compact Riemannian manifold 
My the following estimate holds: 

(2.1) ||e itA -*/|| L p LSL ; + \\ j\^-^yF(T,x,y)dr\\ L , LgLl 

<C(\\fhl y + \\F\\ LfLUl ), 

where C = C(p, q,p, q) > and 

2 n n 2 n n 

- + -=o' - + -=o 
V Q 2 p q 2 

2 < P, P < oo for n > 2, 2 < p,p < oo for n = 2 and 4 < p, p < oo for n = 1 . 
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Proof. Let us recall the usual Strichartz estimates for the free propagators e l4 ( A =+ m ) 
on R™ with m £ R: 

(2.2) sup(||e it ( A ^ m )^|| Lfi , + || f e^-^ +m )H{T,x)dr\\ LfL .) 

m<ER JO 

under the same assumptions on p,p,q,q, with C = C(p,p,q,q) > that does not 
depend on m. Recall that the usual Strichartz estimate concerns the propagator 
e itA x _ Q n Q^j^gj. h anc j j n (2.2) we are allowed to get uniform bounds with respect 
to to G R since e lt (^+ m ) = e itm e itA x an£ j moreover the Strichartz norm are not 
affected by the remodulation factor e ltm . Next we introduce 

u(t,x,y) = e itA *-*f+ f e^-^-'Ffax^dT 
Jo 

and notice that 

id t u + A x u + A y u = F, (t, i,i/)elxljx M y 

with 

u{0,x,y) = f{x,y). 

Let us decompose 

u(t, x, y),f(x, y) and F(t, x, y) 
with respect to the orthonormal basis {ipj (y) } of L 2 (M y ) given by the eigenfunctions 
of -A y (i.e. -Aytpj = Xjifj) 

(2.3) u(t, x,y)=Y^ Uj (t, x)<fj (y) 

3 

(2.4) F{f,x,y)=Y^F i {t,x)ip j {y) 

3 

f( x ,y) = ^2fj{x)fj{y) 

3 

and notice that Uj (t,x), Fj (t, x) and fj (x) are related by the following Cauchy prob- 
lems: 

(2.5) id t Uj + A x uj - XjUj = Fj, (t, x) e M t x R™ 
with 

Uj(0,x) = fj(x). 
Applying (2.2) in the context of (2.5) gives 

\\ Uj (t,x)\\ L * Li ^CWfiWv+CWF&x)^^ 
and hence summing in j the squares we get 

lk-(t,aOllfi if iS <C||/|| iS ^CWFj^x)]^^^. 
On the other hand 

max{p', q'} < 2 < min{p, q} 
and therefore by the Minkowski inequality we get 

< C\\fhi v + CWFj^x^^^^. 
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Combining (2.3) and (2.4) with the Plancharel identity gives 
\\u\\ L ^ui<C\\fh ly +C\\F\\ LrLilLl . 

Finally, we apply the last inequality first with / = and then F — to achieve the 
bound (2.1). This completes the proof of Proposition 2.1. □ 



3. Proof of Theorem 1.1 

We recall a suitable version of Strichartz estimates for the classical propagator 
e it(A x +m) Qn jjn w j tn n an even m t e g er anc j m g r_ Notice that we use that n is 

even in order to have that (n — 2) /2 is an integer which allows us to give a meaning 
to the derivation operators up to (n — 2)/2 that appears on the r.h.s. of (3.1) (sec 
also below remark 3.1). 

Proposition 3.1. Let n > 2 be even, a E N™ such that < \a\ < then 
(3.1) sup (\\d^ A ^h\\ L , L% + R«( f e*-^-^H{T,x)dT)\\ L * L i 

<c(\\h\\ H ^+ y: \\^H\\ LfLt ), 

where C = C(p, q,p, q) > does not depend on m G R, 

2 n 2 n n 

- + - = l + \a\, - + - = -, 2<p,p<oo. 

P q P q 2 

Proof. Observe that, under our restriction on p, we have 1 < q < oo. We have the 
Sobolev embedding 

W^-M.*i(]tr) c L 9 (M"), - - - = ^— - - |a| - + - = -. 

9i g 2 p qx 2 

Therefore the left hand-side of (3.1) is bounded by 

Sup ]T (||^e i ^+™)/ l || LfL J 1 +||^(/' t e i (*-r)(A, +ro ) jff(r)a;)rfT) | 
m£« lol „_ 2 v Jo 

Thus the estimate (3.1) for a fixed m follows the usual Strichartz estimates thanks 
to the relation | + ^7 = f ■ The uniformity of the estimate with respect to to G R 
can be deduced as in (2.2). □ 

Remark 3.1. Notice that in the case n odd an estimate similar to (3.1) is satisfied 
provided that the local operator <9" is replaced by (1 — A^)!"!/ 2 . However for our 
purpose it will be relevant to work with d", in view of the possibility to apply for 
this operator the usual Leibniz rule for the derivation of a product. 



The next result will be fundamental in the sequel. 
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Proposition 3.2. Let n > 2 be even, a G N" such that < \a\ < ^ and r > 0, 

then we have 

(3.2) \\dZ(l-A v y/*e itA ^f\\ L r L%Ll 

+ \\t%(l - ^vY' 2 {[ e i{t - T)A ^F(r)dr)\\ L , LUl 

c '{\\fL^+ E l!^(i-A,yv 2 F|| ), 

"' y \a\—n-2 



< 

where C = C(p,p,q,q) > 0, 
2 n 



l/3| = - 



2 n n 
= l+a, - + - = -, 2<p,p<oo. 
p q p q 2 

Proof. It is sufficient to consider the case r = 0. The general case follows simply 
by a derivation of the equation with respect to y variables. The proof of (3.2) for 
r = is similar to the proof of Proposition 2.1 by using Proposition 3.1 instead of 
(2.2). □ 

In the sequel we shall work with the following norm: 
(3.3) 



«=0 \a\=s 



Proposition 3.3. Assume n is even and e > 0. Then there exists C — C(n, e) > 
such that for every (3 G N d satisfying \(3\ = , every ui,u 2 , u 3 G X e , 

||9f(l- A y )i^ +€ \ Ul u 2 u 3 )\\ 4 _a» < C\\ui\\x.\\Mx.\\Mx € - 

-+€ 

Proof. Notice that "H^ is an algebra and hence 

(3.4) ||(1 - *y)M + <\hhh)\\v v < cf[ 11(1 - A !/ )5(i+ e )/ J .|| i 2 . 
Moreover, by the Leibnitz formula 

(3.5) 9f(5i5253)= E CfiihfiAdfrfrdttodtto) 

Ift | + |,32| + |/33| = ^ 

for a suitable choice of the coefficient cp 1 p 2 p 3 . By combining (3.4), (3.5) with the 
Minkowski inequality it is sufficient to prove 



nn(i-A^ ( * +e) ^-ii^ 

3=1 



<C|| U i|| JC .||«2|U.||«3||x. 



LfLl 



with \ j3i \ + |/3 2 | + |/33 1 = Using the relation 

n+1 _ 1 + 2|A| 1 + 2|/3 2 | , 1 + 2|/3 3 | 



2n 



2n 



2n 



2n 
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and the Holder inequality, applied with respect to (t, x), we get 



H\\(l-A y )^+^ Uj \\ Ll 



< 



L?Ll 



< ||ui|k c ||U2|k||«3lk. 



This completes the proof of Proposition 3.3. 



□ 



Proof of Theorem 1.1 The problem (1.1) can be rewritten as the integral 
equation 

(3.6) u(t) = e itA -*/ ± J* e^-'^'-y (\u{s)\ 2 u{sf) ds = T f (u). 

The proof of (1.3) is standard once it is proved the existence of a global solution 
u(t,x,y) belonging to 

Je — rt z,2/ 1 1 

and hence will be omitted (for more details on this fact see [3]). By a fixed point 
argument it is sufficient to prove the following 



Claim: 



Ve e (0,oo) 38 = 8(e) > and R = R(e) > s.t. T f (Y^ R ) C Y eJ 



and 7/ is a contraction on Y" e ^ V/ s.t. 



<<5, 



H x 



where y e , fl = {u e y e |||u||y. < R}. 

By combining (3.2) with Proposition 3.3 we get: 

p>lk<c(||/|| ^, i+e + ^ ii^a-A,)!^)^)!! ) 

«... |j8| = ni 2 L » 

<c(||/|| a ^, 4+ . + H^ < ) 
<C{\\f\\ ^, i+€ + \\uf Y j. 

By a standard continuity argument the previous estimate gives the existence of 
8 > and i?(<5) > such that 

2/(y e ,ij(5)) c y e ,i?(5) 

provided that ||/|| 1^2 fc+e < (5. Moreover lim^o R(8) = 0. Next we shall check 

that Tf is a contraction on Y eyR ^s) provided that 8, and hence R(8), are small. By 
using (3.2) we get 

\\T f (v)-T f (w)\\ Yc <C J2 \\dg{l-Ay)M +e \v\v\ 2 -w\w\*)\\ f ^ 

that in conjunction with the following identity 

w 2 w — w 2 w = (v — w)(v + w)w + v 2 (v — w) 
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and with Proposition 3.3 gives 

\\Tf(v) - Tf(w)\\ Y . < C\\v - HkflMk + Hk) 2 < C\\v - w\\ y JR(S)) 2 . 
Hence Tf is contraction on Y e R /g\ in case R(S) is small enough. 

4. Proof of Theorem 1.2 

Notice that if we split 

M™ x Ml = K?- 1 x (R Xn x My) 

then we are reduced to the situation of Theorem 1.1 since n — 1 is an even number. 
However we are not allowed to apply directly Theorem 1.1 since the manifold M. Xn x 
My is not compact (despite to the assumption of Theorem 1.1). To overcome this 
difficulty we shall prove the following version of Proposition 3.2. 

Proposition 4.1. Let n > 3 be odd, a e N" such that < |a| < 1J ^- and r > 0, 

then 

(4.1) ||^(1 - d 2 Xn A y y/ 2 e itA ^f\\ L , LlLfxn y) 



lT)\L?LlLf , 



+ II W - C - & y ) r/2 { I e^-^F(r)dj 
Jo 

<c(\\f\\ ^ + £ \\dl(i-dl-A y y/>F\\ LrLl , ), 

w/iere 

2 n- 1 2n-ln-l„ 

- + = 1 + N. - + ^^ = ^— , 2<p,p<w. 

p q p q 2 

Proof. It is sufficient to consider the case r = 0. The general case follows by a 
derivation with respect to the y variables. Let 

u(t,x,x n ,y) = e itA *-«/+ / e i(t - T)Aa ^F(T)dT. 

Jo 

Then 

i<9 t u + A 2 + + A y u = F 

with 

u(0,x,y) = f(x,y). 

Next we introduce the partial Fourier transform of u, /, F with respect to the x n 
variable 

u(t,x,€ n ,y),f(x,£ n ,y) and F(t,x,£ n ,y), 

which satisfy 

id t u + A x u - £u + A v u = F, (t, x, y) e K* x K^ 1 x M* 

with 

u(0, £,£„,?/) = f{x,£„,y). 

Next, we decompose 

u(t,x,£ n ,y),f(x,£ n ,y) and F(t,x,£ n ,y) 
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with respect to the orthonormal basis {<fij} of L 2 (M y ) given by the eigenfunctons 
of —A y (i.e. —Aytpj = Xjifj.) Then we have 

3 

F(t,x,£ n ,y) = ^2F j (t,x,£ n )ip j (y) 

3 
3 

Moreover Uj(t,x,£ n ), fj(x,^ n ) and Fj(t,x,^ n ) are related by the following Cauchy 
problems 

(4.2) id t Uj + A s uj - guj - XjUj = Fj, (t, x, y) e R t x R^ 1 x A*£ 
with 

Using Proposition 3.1 in the context of (4.2) gives 

11^(^,^)11^1 KCWfjfatrJW^ +C J2 \\d§F,(t,x,( n )\\ L f L i; 

where C = C(p,p~,q,q) > is constant uniform with respect to j and £„ and p, p, q, q 
are as in the assumptions. In particular we get 

mUj(t,X, Zn)\\ L 2 <C\\f\\ +C WdlFj^X,^^ prftf. 

Again, we use that 

max{p', q'} < 2 < min{j3, g} 
and therefore the Minkowski inequality gives 

mu 3 (t,x^ n )\\ L , LUt l2 <c\\.f\\ ^ +c ii^m.wii^^ 

Now, the proof can be concluded by the Plancharel identity (with respect to x n 
and y) as we did in Proposition 2.1. □ 

The proof of Theorem 1.2 is similar to the proof of Theorem 1.1 and involves 
the following version of Proposition 3.3. 

Proposition 4.2. Let n > 3 be odd and r > =±I. Then we have the following 
trilinear estimate 

E lia|(i-C-A,r/ 2 ( UlU2U3 )ll 4 <CK||x|Mx|| U3 |k 

w/iere 



hi 



S=0 \a\=S L < L i ^(«n.») 



Proof. See the proof of Proposition 3.3. □ 

Proof of Theorem 1.2. It is similar to the proof of Theorem 1.1 provided 
that Proposition 4.1 and 4.2 are used instead of Proposition 3.2 and 3.3. 
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